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permeability of free space; Q is the quality factor of the coil ; w, is the Larmor angular
frequency; V is the volume of the coil; F is the noise figure of the preamplifier; k is
Boltzmann’s constant; T is the probe {as opposed to sample) temperature; and Afis
the bandwidth (in Hertz) of the receiver.

We may consider that the primary factors involved in any analysis of S: N are those
contained within the equation. Secondary factors, such as whether or not quadrature
detection is used, the availability of Fourier transform techniques, sweep rate or pulsing
rate, the use of decoupling or Overhauser effect, though of great importance, are not of
such a fundamental nature and will therefore not be considered further.

For all its usefulness, Eq. [1] is not a “fundamental” equation. It contains four un-
knowns, K, n, Q and F, only two of which (Q and F) are easily measurable. The defini-
tion of filling factor y = V,/2V (¥ is the sample volume) may well be satisfactory for a
solenoidal coil, but its validity for other coil configurations must be questioned. Fur-
ther, the equation contains little information as to the dependency of S:N on various
physical parameters; for example, if we quadruple the coil volume while keeping #
constant, do we obtain only a doubling of S: N, or does the change in the coil dimensions
alter Kand Q also? Table 1 shows how complex the use of Eq. [1] may be. The interac-

TABLE 1

INTERACTION OF TERMS IN THE TRADITIONAL EQUATION FOR SIGNAL-TO-NOISE RATIO AS GIVEN BY EQ. [1]

Temperature T

Strong Preamplifier
noise figure F

Strong Coil Q

Weak Filling factor

and geometry Kz
Strong Strong for Yolume V,
small samples
Strong Strong - Strong Field strength B,

tions between the various factors are manifold and mostly strong. This is partly a con-
sequence of the method of calculation. The reader is referred to Ref. (1, 2) for further
details, but it is perhaps worth quoting Abragam who states that *“the above calcula-
tion gives only an order of magnitude.”

THE PRINCIPLE OF RECIPROCITY

Clearly it would be of use to formulate a different method of calculation which gives
a direct insight into the various factors involved and which removes some of the in-
teractions inherent in Eq. [1]. This may be done to a reasonable extent by invoking
the principle of reciprocity. Consider the induction field B, produced by a coil C car-
rying unit current (See Fig. 1). Obviously, the field at point A is much stronger than at
point B. Intuitively, one would expect therefore that if a magnetic dipole m were placed
at point A and set rotating about the z axis, the alternating signal it induced in the coil
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would be much greater than that induced by the same dipole placed at point B. This is
indeed the case, and it may easily be shown that the induced emf is given by

¢ =—(/a1){B, mj}, (2]

where B, is the field produced by the unit current at m. It follows that for a sample of
volume V,, which has been recently subjected to a 90° pulse, we need only know the

B,

———rp N

Fic. 1. The induction field B, produced by a coil C carrying unit current.

value of B, at all points in the sample to be able to calculate the emf induced in the
coil. Thus, if My, lies in the xy plane,

E=— | (@aryB, - Myav, [3]
sample
The calculation of B, is feasible for most shapes of coil; of course, if B; may be con-
sidered to be reasonably homogeneous over the sample volume, the calculation is
considerably simplified as the integration of Eq. [3] becomes trivial, giving

& = Kwg(By)xy Mo Vs cos wpgt, [4]

where K is an ‘““inhomogeneity factor”” which may if necessary be calculated, (B,),, is
the component of B, perpendicular to the main field B,, and phase has been neglected.
The magnetization M, is given by

My = Ny*FPI(I+ 1)Bo[3kT,, [5]

where N is the number of spins at resonance per unit volume, 7 is the magnetogyric
ratio, and T is the sample temperature. As w, = — yB, it follows from Egs. [4] and [5]
that the EMF induced in the coil is proportional to the square of the Larmor frequency.

THE NOISE
Having laid the basis of the calculation for the emfinduced by the nuclear magnetiza-
tion in the receiving coils, we now consider the noise. In a correctly designed system,
this should originate solely from the resistance of the coil. As the dimensions of the
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coil are inevitably much less than the wavelength of the radiation involved, the radia-
tion resistance is negligible, and it should therefore be possible to predict the thermal
noise present purely on the basis of the equation

V= (4kT, AfR)". [6]

Here, T is the temperature of the coil and R its resistance. Unfortunately, the calcula-
tion of R may not be performed accurately, and it is solely this factor which leads to
uncertainty in the theoretical prediction of signal-to-noise ratio. At the frequencies of
most interest in NMR spectroscopy (say >5 MHz) the “skin effect” associated with the
magnetic field generated by a current ensures that that current flows only in regions of
the conductor where there is also a magnetic flux. Thus, for a long, straight cylindrical
conductor, the current flows in a skin on the surface. This situation is easily amenable
to calculation and yields the result that

R = (IlIp) (sto wo p(T2)/2)'72, [7]

where /is the length of the conductor; p is its circumference, u is the permeability of the
wire; and p(T,) is the resistivity of the conductor, which is of course a function of
temperature. However, the situation is considerably more complicated if the conductor
is not cylindrical, and worse still, if there are many conductors in close proximity, as is,
in effect, the case with a coil, the magnetic field created by the current of one conductor
influences the distribution of current in another. This “proximity effect’’ (4), which is
also manifest when conductors such as the silvering on a dewar, or even the sample
itself, are close to the coil, normally tends to reduce the surface area over which current
is flowing, and thus the resistance is increased from that calculated from Eq. [7] by a
factor { of about 3. Attempts have been made to calculate ¢, but only for a single-layer
solenoid may any confidence be placed in the results (3).

THE SIGNAL-TO-NOISE RATIO
By combining Eqs. [4] to [7] we may arrive at an equation for the signal-to-noise
ratio,

¢ - K(Bl)xy V.Ny R I(I+ l)( p )1/2. w07/4 ]
rms = 7.12kT, FkT EAf [0 P(TOTT

Note that the proximity factor { and the noise figure F of the preamplifier have been
included. At first sight, this equation appears unmanageable, but this is in fact not the
case, First, the unknowns 5 and Q of Eq. [1] are absent; they have been replaced by a
single function ¢, which, from experience, is reasonably well known, and second, the
number of factors in Eq. [8] which are variable in a given experimental situation is
small. These factors are:

(a) K(B;),, the effective field over the sample volume pro-
duced by unit current flowing in the receiving
coil.

(b) 4 the perimeter of the conductor.

(© ) the length of the conductor.

The above factors are dependent only on coil geometry,
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(d) T, the temperature of the coil.
(e) oT) the material from which the coil is made.
63 F the quality of the preamplifier.

It is of interest to note that the frequency dependence is to the power ot 7/4. This is
not a new conclusion; it has also been postulated by Soutif and Gabillard (6) and it
must be stressed that, for a solenoid, in no way is Eq. [8] in contradiction with Eq. [1].
Figure 2 shows an experimental plot of Q versus frequency for a set of solenoids all
wound in the same manner with the same overall dimensions. This plot clearly recon-
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FiG. 2. The Q of a set of solenoids. The dimensions of each solenoid are the same, but the number of
turns varies with frequency. The winding geometry is shown in the inset, and gives the optimum Q (4).
For many turns, and well below the self-resonant frequency, Q « /2,

ciles the two equations and the derivation of Eq. [1] from Eq. [8]is shown in Appendix
1. The major advantage of the calculation from first principles which results in Eq.
[8]is that it is applicable to any coil geometry, for it is found that { changes but little
with a change of configuration provided the separation of the windings is small in com-
parison with the overall dimensions of the coil. Of particular interest are saddle-shaped
(or Helmholtz) coils used mainly with superconducting instruments and solenoidal
coils used predominantly with conventional machines. Let us therefore compare the
performance of these two configurations.

SADDLE-SHAPED AND SOLENOIDAL COILS

The factors of interest are (a) to (c) above, and so, assuming the same volume of sample
is used in each case, the essential part of Eq. [8] is

Yo V,(B)u/RY?  or  Wo V(Bw(p/D> 9]
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Our first task therefore is to calculate (B,),, for the two coils. While this is trivial for
a many-turn solenoid, it is not for the saddle-shaped coils, and the essence of the calcu-
lation is indicated in Appendix 2. Let a be the radius of the coils, and 2g the lengths,
as shown in Fig. 3.

FiG. 3. The two winding geometries considered. The angular width of the saddle-shaped coils is
120°, as this value gives the best homogeneity, and the width of the windings is approximately g/5.

Saddle-shaped Solenoid
nV3 ag g Hon 1
(Bl)xy = ‘—n—@ [a® + g2]3/2 + a[az +g2]1/2} ’ (Bl)xy = TW ’

nzl. n>1.
Typically, a ~ g, and hence
(B1)xy = 0.585 npo/a. (B))xy = 0.354 np/a.

We must now calculate p and /. Let us assume that wire is used in both cases. We then
have that

1 ~ 8naf{(g/a) + (n/3)}. |~ 2nan,
Whena~g,
I~16.4na. I~6.3na.

The length of wire per unit turn is thus greater for the saddle-shaped coil by a factor
of about 2.6, a significant fact which will be considered later. The radius r of the wire
used is dependent upon the manner in which the coils are wound, but assuming that a
planar structure is used, the » turns must fit in a length 2g¢ for the solenoid and in a
width g/5 approximately for the saddle-shaped coils. To optimize the performance of
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each coil with respect to proximity effect, the distance between the centers of each turn
should be roughly 37 (4), and so, assuming this value, we have that fora ~ g,

3r(n—1)~a/5, 3r(n—1)=2a,
. p~2naf15(n—1). S p=4mna/3(n—1).
Thus, forn> 1,
p = 0.42a/n, p>~42aln,
oo Y oc 0.094 uy Vo ja. S Y029, Via. [10]

Thus the performance of the solenoid would appear to be approximately three
times better than that of the saddle-shaped coils. It is difficult to explain this result on
the basis of the traditional formula as represented by Eq. [1]. This is not surprising, as
there is a critical assumption in the derivation (shown in Appendix 1) involving the
energy stored by current flowing in the coil. Briefly, this assumption is that half the
energy is stored, via the field B,, within the confines of the coil and that the field is
homogeneous within those confines. While this is broadly true for a solenoid, due to
the continuity and closed form of the winding, it is certainly not true for the saddle-
shaped coils, where the open structure dictates that much of the magnetic energy is
stored in flux which lies close to the wires and which does not pass through the sample.
A further deficiency of Eq. [1] concerns the length of a 90° pulse when the probe is of
the single-coil variety. One would be led to believe that the length was dependent only
on Q12 Typically a saddle-shaped coil has a lower Q than a solenoid, and so the 90°
pulse length should be a little longer (up to, say, 60%) but Eq. [10] show the inade-
quacy of this statement. This may be seen from the following argument.

90° PULSE LENGTHS
When the probe is matched to the transmitter (a point to be considered later), the
power supplied W is dissipated entirely in the resistance R of the coil. The current
flowing through the coil is thus given by

I=(W|R)'2,

Now the B, field employed in the calculations to date has been derived for unit current.
It follows that when the transmitter is on, the irradiating field (B¥),, is given by

(Bl*)xy = I(Bl)xy = (Bl)xy(W/R 12,
Thus, from Eq. [9],

(BY)xy o« WH2YIV (11]

The 90° pulse length is thus a direct measure of the S: N obtainable from a single coil
system and if the preceding calculations are correct, one would expect the length to be
about three times longer for the saddle-shaped coils. To check the results obtained, ex-
periments were performed at two frequencies: 20 MHz, where the condition n> 1
holds, and 129 MHz, where it does not. Table 2 shows the data collected, which are in
good agreement with the theory. Finally, it is of interest to note that the results of Eq.
[10] are independent of the number of turns on the coil. This is equivalent to saying that
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TABLE 2

EXPERIMENTAL RESULTS® SHOWING THE SUPERIOR PERFORMANCE OF A SOLENOIDAL RECEIVING COIL AS
COMPARED TO A SADDLE-SHAPED COIL WHEN USING THE SAME SAMPLE : A SPHERE 7.5 MM IN DIAMETER

Number
of Height Radius  90° Pulse® Signal®
Frequency Coil type turns o (mm) (mm) (usec) (volts)
129 MHz, **P  Saddle-shaped 2 210 7 4 27 1.0
Solenoid 4 300 6 4 9 2.6
Ratio Ratio Ratio
14 3 2.6
20 MHz, 'H  Saddle-shaped 6 80 10 5 46 0.78
Solenoid 18 208 10 5 18 2.20
Ratio Ratio Ratio
2.5 2.6 2.8

< All values obtained are accurate to better than 10%,.

» No comparison is intended between the performances at the two frequencies as the two transmitters
are of different powers.

¢ The signals are measured relative to a constant noise background.

the Q of a coil is mainly dependent on the overall dimensions of that coil rather than
the number of turns within those dimensions. That this is broadly true may be seen
from Fig. 2.

DEPENDENCIES

From the various equations derived, it is possible to determine how the signal-to-
noise ratio varies as parameters are altered. With regard to coil geometry, the latter is
usually determined by the homogeneity of the main magnetic field B,. Thus, for exam-
ple, a superconducting magnet with a field of 11 tesla might have a homogeneity of
one part in 10° over 1 ml, whereas with a 4 tesla magnet the equivalent volume might
be 25 ml. For simplicity, we shall assume that coil length and diameter are approxi-
mately equal, though it should be stressed that this ratio is not necessarily optimal for
the best utilization of the main field homogeneity nor, in the case of a saddle-shaped
coil, does it produce the best B, homogeneity (7). Thus, from Eq. [10] we can see that if
all linear dimensions are scaled in the same manner, the S:N varies as @* or as V3,
Assuming a frequency dependence of w,"/4, it is thus easy to show that the low-field
magnet gives 25 % better signal to noise than its high-field counterpart. It has of course
been assumed that 25 ml of sample is available. In most biochemical applications of
NMR, such extravagence would be unthinkable and so, for higher sensitivity, a higher
field is still called for.

The major variable in Eq. [8] not yet considered is temperature. While the sample
temperature T, may well be fixed by the chemistry of the system under observation,
there is no such limitation on the temperature T, of the probe, and if the latter is cooled,
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significant improvements may be obtained. From Eq. [10}, for a constant sample
volume, the signal-to-noise ratio varies only as @™, and so the insertion of a dewar
vessel between the coil and the sample may well only decrease { by 30%,. On the other
hand, at liquid nitrogen temperature (77 K), T, is a quarter of room temperature and
thus, if the preamplifier has an excellent noise figure, the noise is reduced by a factor
of 2 on cooling. However it must not be overlooked that the conductivity of the con-
ductor is temperature dependent, and for copper, p(T,.) is one-tenth of its room-
temperature value at 77 K. The net gain in signal-to-noise ratio obtainable by cooling
the probe is therefore about 2.5 (Note, however, that the 90° pulse length should de-
crease by only about 25 9,.) Of course, if the sample may also be cooled, further improve-
ment is possible.

LIMITATIONS OF THE FORMULA

So far, littleindication has been given of the limitations of Eq. [8]. These are predomi-
nantly twofold. First, the calculation breaks down below about 5 MHz, where, for an
average size of sample, the radius of the wire used becomes comparable with the skin
depth. Second, the calculation breaks down when the distributed capacitance between
the turns on the coil is sufficiently large at the frequency of interest to change the phase
of the emf induced in one part of the coil relative to another. In its extreme manifesta-
tion, this effect causes self-resonance, a condition whereby the coil resonates without an
external tuning capacitor. This should be avoided, and the onset of self-resonance may
be seen in each of the curves of Fig. 2, where, with increasing frequency, the O of each
coil begins to drop away from the /2 line. To avoid this effect, the number of turns on
the coil must be decreased with increasing frequency. There is a limit of course to this
procedure; for the saddle-shaped coil, the limit is a single turn. In this case, the formula
still holds, provided attention is paid to the fact that the leads from the coil and the
links between the two sections contribute appreciable resistance. A further modifica-
tion may be to connect the two halves in parallel rather than series. This situation may
also be accounted for and allows satisfactory use up to about 300 MHz. Also, it is
usual for the conductor to be foil rather than wire with such a configuration.

With a solenoid, the calculation breaks down when the condition # > 1is not obeyed
and this may be seen in Fig. 2 to occur for frequencies in excess of 150 MHz. However,
a single-turn solenoid fabricated from foil is a special case for which provision can be
made, and whereas a single-turn saddle-shaped coil is useful up to about 200 MHz, a
single-turn solenoid is useful to 600 MHz. The reason for this behavior lies in the fact,
mentioned earlier, that a saddle-shaped coil requires 2.6 times the length of conductor
per unit turn of a solenoid, and thus has greater inductance and self-capacitance per
unit turn. Thisisironic when it is remembered that it is only at the high frequencies made
available by superconducting systems that the saddle-shaped configuration is required.
It is the authors’ opinion that the disappointing signal-to-noise ratio experienced with
superconducting systems is a direct consequence of the use of saddle-shaped coils, and
the construction of a spectrometer to work at a frequency of 470 MHz being undertaken
in this laboratory presents a considerable challenge, as the only satisfactory coil con-
figuration so far found is solenoidal.

A further limitation is the amount of space available for the construction of the coil.
If there is appreciable coupling, magnetic or electrostatic, between the coil and, say, a
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shield or a strongly conducting sample (for example, a saline solution), then in general,
the S:N ratio will be degraded. The mechanism by which the degradation takes place
is dependent upon geometry and frequency; the field generated by unit current may be
lessened by induction, proximity effect may change the coil resistance, and there may be
resistive losses in the coupled element. The simplest way of monitoring these effects is
to measure the Q of the coil in free air and then to observe the change when the coil is
in place in the probe. It should preferably be less than 10 %, and a good rule of thumb
for obtaining this value is that no conductor should be closer to the coil than the largest
dimension of the latter. The effects of coupling are particularly noticeable at low tem-
peratures. It is quite easy to obtain Q’s of over 600 at 77 K in free liquid nitrogen, but
another matter in the confines of the probe. Of particular importance is coupling to
conductors at room temperature. The component of resistance introduced into Eq.
[6] by this coupling carries with it a temperature four times greater than that of liquid
nitrogen and its noise contribution is thus disproportionately large. It might be added
that the construction of a low-temperature probe with a room-temperature sample is
no easy matter, and that to date, we do not have a reliable system.

THE PREAMPLIFIER AND TRANSMITTER
The only factor not so far considered is the noise figure of the preamplifier. For the
frequency range 50 to 500 MHz the best semiconductor now available is probably a
gallium arsenide field effect transistor. The authors have described elsewhere the design
and construction of a preamplifier with a noise figure of 0.3 db at 129 MHz (3), and it

50N
L ~100n

GAT 1

Transmitter

Probe » " Preamplifier

F1G. 4. The three elements probe, transmitter, and transistor must be interfaced in such a way that
the signal-to-noise ratio is not degraded and the transistor is not damaged.

remains therefore to consider in what manner the probe coil and the preamplifier can
be interfaced in order to obtain the best noise performance. If a single-coil probe is
used, there is also the problem of interfacing to the transmitter, while protecting the pre-
amplifier from the pulses and conserving the noise performance. As this is the most
difficult situation likely to be encountered, it is to this that we turn our attention. The
problem is illustrated in Fig. 4. Considering first the interface between probe coil and
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transmitter, it is obvious that at the frequency of interest, the impedance of the coil
Z ~ 0.5+ 100 ohms [j= (—1)/2] must be transformed in such a manner as to power
match the transmitter. As is well known, an essentially lossless transformation may be
effected with the aid of the circuit of Fig. 5, provided high-Q capacitors are used. How-
ever, a word of warning is required here. It is desirable to keep the leads from the coil

%_.

Iy
®

Z=50n
Resistive

N§

—e

FiG. 5. Impedance transformation using a tuned circuit. The value of C is slightly less than that re-
quired to tune to resonance and the matching capacitance C’ is given by C’ ~ (C/50Q @¢)'/2.

to the capacitors as short as possible to minimize the resistance R. In this situation, the
capacitor C is physically close to the coil and unfortunately, many high-Q variable
capacitors are ferromagnetic. The main field homogeneity is thus disturbed.

Turning now to the interface between the coil and the F.E.T. one must ask under
what conditions the transistor gives its best performance. Robinson (8) has considered
this problem and has shown that the optimum noise figure is obtained when the input
capacitance is almost tuned out and the signal source has a source impedance which is
resistive and given by

RSO st 1-6fT/f‘gma [12]
fr is the figure of merit for the F.E.T. and is given by
fT=gm/27era [13]

where g, is the transconductance of the device and C; is the junction capacitance.
Alternatively,

Rgo ~ 1.6/2n/C;. [14]
J

With a junction capacitance of 2 pF and a frequency of f= 129 MHz, Rso > 980 Q. A
practical value obtained with the amplifier of Ref. (3) gave Rso = 800 Q. On the other
hand, the input impedance of the F.E.T. with its junction capacitance tuned out is
resistive, and given by

Ry =~ gu/(27fC))*. [15]

At 129 MHz, and taking the values C; =2 pF, g,, = 15 mA/V, we have R;, ~ 5.7 kQ.
Obviously, the source and the F.E.T. are grossly mismatched powerwise when they are
noise matched, and it follows that one should never tune a probe by looking for the
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maximum signal from the receiver. The signal may well be a maximum  the signal-to-
noise ratio most certainly will not be.

The probe has been matched to 50 Q resistance in order to power match to the trans-
mitter. It follows, to make a noise match to the F.E.T., that 50 Q must be transformed
to Rso within the preamplifier. This, and the tuning out of the gate capacitance C,, is
easily accomplished using the transformation properties of tuned circuits and the reader
is referred to Ref. (3) for further details. In general, the greater the ratio f1/f, the better
the noise performance. However, in the pursuit of excellence one must beware, particu-
larly at low frequencies, of making the optimum source impedance higher than is
practical. Above a value of about 2 k2, losses in the transforming device must also be
taken into account. Hence to obtain very low noise figures, it may be necessary to cool
the preamplifier.

Finally, the preamplifier must be protected from the potentially destructive trans-
mitter pulses, and if a class A transmitter is used, there must be a gate of some sort
which prevents the injection of noise from transmitter to receiver. Nor must the pro-
tection or the gate degrade the noise performance of the system. As one progresses to
higher frequencies, crossed diodes (9) become increasingly ineffective due to their
junction capacitance—typically 4 pF. Not only does such a large value allow noise to
pass from the transmitter; it also ensures that any diodes used to protect the F.E.T.
form, above say 50 MHz, a major part of the tuning capacitance. This may, depending
on the diode, be disastrous, for after passing heavy current, many diodes exhibit a
change of capacitance which lasts many milliseconds. This change can ruin the noise
performance of a tuned amplifier and even cause it to oscillate. A far more elegant way
to protect the preamplifier is to use PIN diodes (1/0) but unfortunately, PIN diodes have
a low resistance to radio frequencies when they are passing a heavy direct current (say,
2 Q at 40 mA). A PIN diode in the line from the probe to the preamplifier therefore in-
troduces shot noise and can degrade the noise figure of the receiver by as much as
4 db. Fortunately, it is possible to construct a PIN diode circuit which not only protects
the preamplifier (60 db isolation) from the transmitter, but which also has all the diodes
“off”” when the spectrometer is receiving signal. Details may be found in Ref. (11).

CONCLUSION

The authors have attempted to provide a direct physical picture of the factors govern-
ing the signal-to-noise ratio in an NMR experiment. It has been shown that the signal
received from a sample by a set of coils is directly proportional to the magnetic field
that would be created at the sample if unit current were passed through the coils, while
the noise present in the coils has been shown to be purely a function of the coil resistance.
This simple argument allows a direct comparison of the efficiency of different coil con-
figurations to be made. For example, while unit currents flowing through saddle-shaped
and solenoidal coils create similar B fields, and the coils thus receive similar signals
from the sample, the resistance of a saddle-shaped coil is considerably larger than that of
a solenoid and so the signal-to-noise ratio is much less. The correct manner of inter-
facing between the probe, the transmitter and the preamplifier has been discussed, and
attention has been drawn to the importance of noise matching the probe to the amplify-
ing device used, and the distinction between noise and power matching. Finally, the
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problems of protecting the receiver from the transmitter pulses and noise have been
considered, and the use of PIN diodes advocated as a solution.

APPENDIX 1: THE EQUIVALENCE OF THE PRESENT AND THE TRADITIONAL FORMULATIONS
From Eqgs. [4] and [6], the signal-to-noise ratio may be written as

lPrms = KwO (Bl)xy MO Vs/(Sch RAf)l/Z' [1 6]

To convert to the traditional formula of Eq. [1], we must find a relationship between the
energy stored in the B, field, which is a measure of the coil inductance, and the value of
(B)),, at the sample. If over the sample volume, the B, field is predominantly homoge-
neous and in the xy plane, we may say that (B,),, ~ B, for the sample. The energy
stored in the sample volume is given by

= ! 2 ~ 2
E—z'_.uo fBldV_(Bl)xy(Vs/ZHO) [17]

sample

The inductance of the coil is given by

L=(luo) [ BiaV. [18]
all space
If, following Hill and Richards (2), we define the filling factor as
n= [ Biav| [ Biav, [19]
sample all space

then from Egs. [17] to [19],
(BDxy = (uonL/ ARE
or [20]
K(By)xy = K(ponL/V)'7,

where mean and root mean square inhomogeneity factors have been introduced,
K~K~1.

Substituting in Eq. [16] and adding the noise figure of the preamplifier we thus
obtain

_ wo L\ nue Vs 1'?
T‘ms—KM{( R )SchFAf} ) [21]

For the special case of a solenoid, it may be shown that

j BidV:%fodV.

coil volume ¥ all space

Thus if the field within the solenoid is homogeneous
n~ V2V, [22]
Substitution in Eq. [21] gives Eq. [1],
¥ s = KnMo (1o Qo Vo[4FKT, Af)'72,

which is valid only for a solenoid.
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APPENDIX 2: THE FIELD AT THE CENTER OF A SADDLE-SHAPED COIL
The vector magnetic potential A at point P due to an element of arc ds is given by

dA = (upo I/4r) (ds/v), [23]

where v = |p — a| is the distance of P from ds (see Fig. 6). For the special case of P at

Fi1G. 6, The coordinate system.

the center of the coil of Fig. 3, we have that
V= (@4 g

and further, the contributions to (B,),, from all four arcs add. Thus we have that

+n/3
Hol (—asin @) i+ (acos ¢)j
(Byares = Curl{ T f (@ + g7 d‘i’}

-x/3

where i and j are unit vectors in the x and y directions.

Viupola .
(Bi)arcs = Curl {W }

V3upel  ag
(Bl)arcs = . [az +g2)3/2

The potential due to one of the four verticals of the coil is given by
+g

_ upo
A= f 4 (a® + z2)V/2 dz

2

i. 124

it

and the field produced by them, which is parallel to that produced by the arcs, is given

by .
g
V3uugl @ dz .
Baverticas =~ 3, @77

-g

7 da a
Viupl g

(Bl)verticals = p a(az + g2)1/2
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Hence, from Eqs. [24] and [25], the field at the center of a saddle-shaped coil which is
passing unit current is given by

Vi, ( ag N g }
T (a2+g2)3/2 a(aZ +g2)1/2 *

(B1)xy = [26]

By using the type of analysis, briefly indicated above, for a point P which is off-center,
the total magnetic field can be analyzed in a series of spherical harmonics, from which
it may be shown that the optimum homogeneity is obtained when the angular width of
the coil is 120°, as shown in Fig. 3, and the length is twice the diameter.
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